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period also must have been preceded by a "narve" stage of development. Several facts that have become known only quite recently point in this direction. Thus it is now known that the books that have come down to us from the time of Euclid constitute only a very small part of what was then in existence; moreover, much of the teaching was done by oral tradition. Not many of the books had that artistic finish that we admire in Euclid's " Elements"; the majority were in the form of improvised lectures, written out for the use of the students. The investigations of Zeuthen* and Allmanf have done much to clear up these historical conditions.
If we now ask how we can account for this distinction between the na'fve and refined intuition, I must say that, in my opinion, the root of the matter lies in the fact that the naive intuition is not exact, while the refined intuition is not properly intuition at all, but arises through the logical development from axioms considered as perfectly exact,
To explain the meaning of the first half of this statement it is my opinion that, in our na'fve intuition, when thinking of a point we do not picture to our mind an abstract mathematical point, but substitute something concrete for it. In imagining a line, we do not picture to ourselves "length without
breadth," but a strip of a certain width.
Now such a strip has of course always ^z. tangent (Fig. 9); i.e. we can always
imagine a straight strip having a small
portion (element) in common with the curved strip; similarly with respect to the osculating circle. The definitions in this case are regarded as holding only approximately, or as far as may be necessary.
* Die Lehre von den Kegelschnitten im Altertum, ubersetzt von R. v. Fischer-Benzon, Kopenhagen, Host, 1886.
f Greek geometry from Thales to Euclid, Dublin, Hodges, 1889.
